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INVARIANTS OF TOPOLOGICAL RELATIVE RIGHT
EQUIVALENCES
IMRAN AHMED1, MARIA APARECIDA SOARES RUAS2,
AND JOA˜O NIVALDO TOMAZELLA
1. Introduction
We fix a system of local coordinates x of Cn. Consider the ring On of holomorphic
germs f : (Cn, 0) → C and denote by mn its maximal ideal. Due to identification
between On and the ring of convergent power series C{x1, . . . , xn} we identify a
germ f ∈ On with its power series f(x) =
∑
aαx
α, where xα = xα11 . . . x
αn
n .
The Milnor number of a germ f with isolated singularity, denoted by µ(f), is
algebraically defined as the dimCOn/Jf , where Jf denotes the ideal generated by
partial derivatives ∂f/∂x1, . . ., ∂f/∂xn and the multiplicity m(f) is the lowest
degree in the power series expansion of f at 0 ∈ Cn.
A deformation F : (Cn × C, 0) → (C, 0), F (x, t) = ft(x), of f is µ-constant if
µ(ft) = µ(f) for small values of t. We denote by JF = 〈∂F/∂x1, . . . , ∂F/∂xn〉, the
ideal in On+1 generated by the partial derivatives of F with respect to the variables
x1, . . . , xn.
The Milnor number is a topological invariant of the singularity, more precisely if
two germs of complex hypersurfaces with isolated singularities are homeomorphic,
then have the same Milnor number. We also have by [9], for n 6= 3, that if a family
of hypersurfaces is a µ-constant family then the hypersurfaces are homeomorphic.
Some definitions and properties for this number can be found in the famous book
of Milnor [10].
The constancy of the Milnor number has several characterizations which were
summarized by Greuel in the following theorem [8], p.161.
Theorem 1.1. ([8]) For any deformation F : (Cn × C, 0) → (C, 0) of a function
germ f with isolated singularity the following statements are equivalent.
(1) F is a µ-constant deformation of f .
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(2) For every holomorphic curve γ : (C, 0)→ (Cn × C, 0)
ν(
∂F
∂t
◦ γ) > inf{ν(∂F
∂xi
◦ γ) | i = 1, . . . , n},
(where ν denotes the usual valuation of a complex curve).
(3) same statement as in (2) with ”>” replaced by ”≥”.
(4) ∂F
∂t
∈ JF , (where JF denotes the integral closure of JF in On+1).
(5) ∂F
∂t
∈ √JF , (where
√JF denotes the radical of JF ).
(6) The polar curve of F with respect to {t = 0} does not split i.e.
C = {(x, t) ∈ Cn × C | ∂F
∂xi
= 0, i = 1 . . . , n} = {0} × C near (0, 0).
Bruce and Roberts in [4], present the relative case, i.e., they study function germs
f : (Cn, 0) → (C, 0) taking into account a germ of fixed analytic variety (V, 0) ⊂
(Cn, 0). They introduce a generalization of the Milnor number of f , which we
will call the Bruce-Roberts number, µBR(V, f). Like the Milnor number of f , this
number shows some properties of f and V . For example, if we consider the group
RV of automorphisms of (Cn, 0) preserving V then f is finitely determined with
respect to the action of RV on On if and only if µBR(V, f) is finite and, in this case,
the codimension of the orbit of f under this action is µBR(V, f).
This paper presents a study of Theorem 1.1 [8] in the case of families of functions
with isolated singularities defined on an analytic variety. In this relative case, not
all equivalences hold. We shall denote the conditions (1) to (6) in the relative case
by (1r) to (6r). The Example 3.1 shows that the implications (1r) ⇒ (4r) and
(5r) ⇒ (4r) do not hold in relative case. The Example 3.2 proves that (2r) is not
equivalent to (3r).
In Theorem 3.3 we show that (2r) ⇒ (3r) ⇔ (4r) ⇒ (5r) in relative case. In
Proposition 3.5 we prove the equivalence (1r) ⇔ (6r) in relative case assuming
C = {(x, t) ∈ Cn × C | dF (ξi) = 0, i = 1 . . . , p} is a Cohen-Macaulay variety.
In Theorem 3.11 we show that the implication (4r) ⇒ (1r) holds in relative
case assuming that the logarithmic characteristic variety of V , LC(V ), is Cohen-
Macaulay such that V is a hypersurface with isolated singularity.
In the last section, we consider families of quasihomogeneous functions defined
on quasihomogeneous varieties based on the results of [12]. We discuss the topolog-
ical invariance of the Bruce-Robert Milnor number. Theorem 4.1 is an interesting
application to the relative Zariski multiplicity conjecture. We prove that the con-
jecture holds for µBR-constant deformations of a quasihomogeneous germ defined
on quasihomogeneous varieties.
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2. Preliminary Results
Let f : (Cn, 0) → (C, 0) be the germ of a holomorphic function with isolated
singularity. Consider the analytic variety V ⊂ (Cn, 0). In this note we study
function germs f : (Cn, 0) → (C, 0) under the equivalence relation that preserves
the analytic variety (V, 0). We say that two germs f 1, f 2 : (Cn, 0) → (C, 0) are
C0-RV -equivalent if there exists a germ of homeomorphism ψ : (Cn, 0) → (Cn, 0)
with ψ(V ) = V and f 1 ◦ ψ = f 2. That is,
C0-RV = {ψ ∈ C0-R : ψ(V ) = V }
where C0-R is the group of germs of homeomorphisms of (Cn, 0), and we consider
its action on the ring On of germs of holomorphic functions f : (Cn, 0)→ (C, 0).
We denote by θn the set of germs of tangent vector fields in (C
n, 0); θn is a free
On module of rank n. Let I(V ) be the ideal in On consisting of germs of analytic
functions vanishing on V . We denote by ΘV = {η ∈ θn : η(I(V )) ⊆ I(V )}, the
submodule of germs of vector fields tangent to V .
The tangent space to the action of the group RV is TRV (f) = df(Θ0V ), where Θ0V
is the submodule of ΘV given by the vector fields that are zero at zero. When the
point x = 0 is a stratum in the logarithmic stratification of the analytic variety, this
is the case when V has an isolated singularity at the origin, see [4] for details, both
spaces ΘV and Θ
0
V coincide.
In what follows we assume that ΘV is generated by ξ1, . . . , ξp.
Definition 2.1. Let Jf(ΘV ) be the ideal {df(ξi) : i = 1, ..., p} in On and f ∈ On.
The number
µBR(V, f) = dimC
On
Jf(ΘV )
is the Bruce-Roberts number of f with respect to V .
We call a holomorphic map germ F : (Cn×C, 0)→ (C, 0), (x, t) 7→ F (x, t) = ft(x)
a deformation of f if f0 = f and if ft(0) = 0 for t sufficiently near to 0.
We denote by JF (ΘV ) the ideal 〈dF (ξi) : i = 1, ..., p〉 of On+1, where dF =
( ∂F
∂x1
, . . . , ∂F
∂xn
). The deformation F of f is µBR-constant if µBR(V, ft) = µBR(V, f)
for t sufficiently small.
The following is an open question in this theory.
Is any µBR-constant deformation topologically RV trivial?
In [4], Bruce and Roberts define the logarithmic characteristic variety of V , LC(V )
and show important properties of µBR(V, f) when LC(V ) is Cohen-Macaulay (CM).
By Prop. 5.10 [4], p.72 we know that if the codimension of V is greater than one
then LC(V ) is not CM. If V is free divisor, in particular a plane curve, LC(V )
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is CM, and, when V is a quasihomogeneous hypersurface with isolated singularity,
LC(V ) is CM by [12]. For any hypersurface the problem remains open.
Let us suppose that the vector fields ξ1, . . . , ξp generate ΘV for some neighbour-
hood U at 0 ∈ Cn. Then if T ∗UCn is the restriction of the cotangent bundle of Cn in
U , we define LCU(V ) as {(x, δ) ∈ T ∗UCn : δ(ξi(x)) = 0, i = 1, . . . , p}. Then, LC(V )
is the germ of LCU(V ) in T
∗
0C
n, and it can be shown that it is independent of the
choice of generators of ΘV .
The integral closure of an ideal I in a ring R, is the ideal I, of the elements h ∈ R
that satisfy a relation hk + a1h
k−1 + . . .+ ak−1h + ak = 0, with ai ∈ I i.
Teissier gave the following characterization for the integral closure of an ideal in
On.
Theorem 2.2. ( [16], p.288) If I is an ideal in On, the following statements are
equivalent.
1. h ∈ I.
2. For each system of generators h1, . . . , hr of I there exists a neighbourhood U of
0 and a constant c > 0 such that
| h(x) |≤ c sup{| h1(x) |, . . . , | hr(x) |}, for all x ∈ U.
3. For each analytic curve γ : (C, 0)→ (Cn, 0), h ◦ γ lies in (γ∗(I))O1.
Item 3 of this theorem is called the valuation criterion since it is equivalent to
the condition ν(h ◦ γ) ≥ inf{ν(h1 ◦ γ), . . . , ν(hr ◦ γ)}, where ν denotes the usual
valuation of a complex curve.
3. Main Results
By Theorem 1.1, we have the following statements for the relative case:
(1r) F is a µBR-constant deformation of f ;
(2r) For every holomorphic curve γ : (C, 0)→ (Cn × C, 0)
ν(
∂F
∂t
◦ γ) > inf{ν(dF (ξi) ◦ γ) : i = 1, . . . , p};
(3r) Same statement as in (2r) with ”>” replaced by ”≥”;
(4r)
∂F
∂t
∈ JF (ΘV );
(5r)
∂F
∂t
∈√JF (ΘV );
(6r) The polar curve of F in V with respect to {t = 0} does not split, i.e.,
C = {(x, t) ∈ Cn × C : dF (ξi(x)) = 0, ∀ i = 1, . . . , p} = {0} × C near (0, 0).
We now discuss the equivalences in the relative case. In [13], the second and
third authors investigated the C0-RV triviality of families of functions with isolated
singularity satisfying condition (4r). More precisely, in Theorem 6.4 they show that
(4r) and (6r) imply F is C
0-RV trivial. Moreover based on the example from [13]
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we show in the next example that the implications (1r) ⇒ (4r) and (5r) ⇒ (4r) do
not hold in relative case.
Example 3.1. Let (V, 0) ⊂ (C3, 0) be defined by Φ(x, y, z) = 2x2y2+y3−z2+x4y =
0 and F : (C4, 0)→ (C, 0) given by F (x, y, z, t) = y + (a + t)x2. The module ΘV is
generated by η1 = (2x, 4y, 6z), η2 = (0, 2z, x
4 + 4x2y + 3y2), η3 = (x
2 + 3y,−4xy, 0)
and η4 = (z, 0, 2x
3y + 2xy2). The element ∂F
∂t
= x2 is not in the integral closure of
the ideal JF (ΘV ). In fact, given γ : (C, 0)→ (C4, 0), γ(s) = (s,−as2, 0, 0), it follows
that ∂F
∂t
◦γ is not in (γ∗(JF (ΘV )))O1, then by Theorem 2.2, ∂F∂t = x2 does not belong
to JF (ΘV ). Now, the variety V is weighted homogeneous of type (1, 2, 3; 6) and F
is also weighted homogeneous of degree 2 with respect to the same set of weights.
Moreover, F is a deformation by nonnegative weights of the RV -finitely determined
weighted homogeneous germ f0 = y + ax
2. Then F is C0-RV -trivial (see [6] and
[14]). One can also verify from direct computations that µBR(V, ft) is constant.
Note that JF (ΘV ) = 〈4(a+ t)x2 + 4y, 2z, 2(a+ t)x3 + 6(a + 1)xy − 4xy〉. It can
be easily seen that there exists k such that mk3O4 ⊂ JF (ΘV ) ⊂ m3O4. It implies
that m3O4 ⊂
√
JF (ΘV ). Therefore, x2 = ∂F∂t ∈
√
JF (ΘV ).
The following example shows that (2r) is not equivalent to (3r).
Example 3.2. Let (V, 0) ⊆ (C2, 0) be defined by Φ(x, y) = x3−y2 = 0. The set ΘV
is generated by ξ1 = (2x, 3y), ξ2 = (2y, 3x
2). Let F (x, y, t) = x5 + y2 + tx5. Thus,
JF (ΘV ) = 〈dF (ξ1), dF (ξ2)〉 = 〈10x5 + 6y2 + 10tx5, 10x4y + 6x2y + 10tx4y〉.
We show that ∂F
∂t
= x5 satisfies (3r) but does not satisfy (2r). In fact, let γ :
(C, 0)→ (C3, 0), γ(s) = (γ1(s), γ2(s), γ3(s)), then ν(∂F∂t ◦ γ) = 5ν(γ1).
If ν(γ2) ≤ ν(γ1) then ν(dF (ξ1) ◦ γ) = 2ν(γ2) < 5ν(γ1).
If 2ν(γ2) = 5ν(γ1) then ν(dF (ξ2) ◦ γ) = 2ν(γ1) + ν(γ2) = 92ν(γ1) < 5ν(γ1).
If 2ν(γ2) > 5ν(γ1) then ν(dF (ξ1) ◦ γ) = 5ν(γ1).
If 2ν(γ2) < 5ν(γ1) then ν(dF (ξ1) ◦ γ) = 2ν(γ2) < 5ν(γ1).
Therefore, ν(∂F
∂t
◦ γ) ≥ inf{ν(dF (ξ1) ◦ γ), ν(dF (ξ2) ◦ γ)}
Now, by taking α : (C, 0)→ (C3, 0), α(s) = (s, 0, 0), we get
ν(
∂F
∂t
◦ α) = inf{ν(dF (ξ1) ◦ α), ν(dF (ξ2) ◦ α)} = 5
We establish now the following equivalences in relative case.
Theorem 3.3. Let V = Φ−1(0), Φ : (Cn, 0)→ (Cp, 0) and F : (Cn×C, 0)→ (C, 0)
be any deformation of f . Then
(2r)⇒ (3r)⇔ (4r)⇒ (5r).
Proof. (2r) ⇒ (3r) and (4r) ⇒ (5r) are trivial, while (3r) ⇔ (4r) is the valuation
test for integral dependence, Theorem 2.2. 
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The proof of the equivalence between (1r) and (6r) depends on the principle of
conservation of numbers. The following example indicates that conditions on the
variety V alone are not sufficient and the principle may fail even when V is a smooth
variety.
Example 3.4. (Example 5.9,[4]) Let V : x1 = x2 = 0 be a non-singular surface in
C4 containing 0. Since V has codimension > 1, it follows from Proposition 5.10 in
[4] that LC(V ) is not Cohen-Macaulay. The module ΘV of vector fields tangent to
V is generated by
〈x1 ∂
∂x1
, x2
∂
∂x2
, x2
∂
∂x1
, x1
∂
∂x2
,
∂
∂x3
,
∂
∂x4
〉.
Let f(x1, x2, x3, x4) = x
2
1 + x
2
2 + x
2
3 + x
2
4. Then
Jf(ΘV ) = df(ΘV ) = 〈x21, x22, x1x2, x3, x4〉.
Therefore, µBR(V, f) = dimC
O4
Jf (ΘV )
= 3. Take F = ft = x
2
1 + x
2
2 + x
2
3 + x
2
4 + tx1 a
deformation of f . Then dF = (2x1 + t, 2x2, 2x3, 2x4). Therefore,
JF (ΘV ) = dF (ΘV ) = 〈2x21 + tx1, 2x22, 2x1x2 + tx2, 2x1x2, 2x3, 2x4〉.
Note that C : x2 = x3 = x4 = 0, x1 = 0 or x1 = −t/2. The singularities of ft, t 6= 0
are (0,0,0,0) and (-t/2,0,0,0). Now, µBR(V, ft) |(0,0,0,0)= 1 = µBR(V, ft) |(−t/2,0,0,0).
Proposition 3.5. Let V = Φ−1(0), Φ : (Cn, 0) → (Cm, 0) and F : (Cn × C, 0) →
(C, 0) be any deformation of f . Let C = {(x, t) ∈ Cn × C | dF (ξi) = 0, i = 1 . . . , p}
be the polar curve. Now, we state (1r) and (6r) as follows.
(1r) F is a µBR-constant deformation of f .
(6r) The polar curve of F with respect to {t = 0} does not split i.e. C = {0} × C
near (0, 0). Then
(i) (1r)⇒ (6r)
(ii) If the variety C is Cohen-Macaulay then (6r)⇒ (1r)
Proof. We prove (1r) ⇒ (6r). Choose small balls B = {x ∈ Cn | ‖x‖ < ǫ}, T = {t ∈
C | |t| < δ} such that δ and ǫ are sufficiently small. Let C = {(x, t) ∈ B×T | dF (ξi) =
0, i = 1, . . . , p}, where ξi are the generators of ΘV and π : B×T → T the projection.
Then, we get
(3.1)
∑
(x,t)∈C∩B×{t}
µBR(V, ft, x) = µBR(V, f)
for all t ∈ T . It follows that (1r)⇒ (6r). Conversely, (6r)⇒ (1r) follows immediately
from (3.1) assuming that C is Cohen-Macaulay. 
Note that the Cohen-Macaulay property of LC(V ) holds only for hypersurfaces,
see [4]. We need the following lemma (see [1], Lemma 6.1) to prove the Theorem
3.7.
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Lemma 3.6. ([1]) Let f : (Cn, 0) → (Cp, 0) be an analytic map germ and J an
ideal of Op. Let f ∗ : Op → On be the ring homomorphism induced by f such that
I = f ∗(J). If Op/J is Cohen-Macaulay and codimV (I) = codimV (J), then On/I
is also Cohen-Macaulay.
Theorem 3.7. If V is a hypersurface with LC(V ) CM then (1r)⇔ (6r).
Proof. Let ψF : C
n×C→ T ∗(Cn) ∼= C2n, (x, t) 7→ (x, dF (x)). Let I ⊂ On+1 and J ⊂
O2n be ideals of C and LC(V ), respectively. Then ψ∗F (J) = I and (ψF )−1(LC(V )) =
V (dF (ΘV )) = C. As dimLC(V ) = n (see [4]) and dimC = 1 then, by Lemma 3.6,
C is CM if LC(V ) is CM. 
We now discuss the relation between equivalences in Theorem 3.3 and Proposition
3.5. The following result was obtained by Gaffney in [7].
Theorem 3.8. Let G : Cn × Ct → (Cm, 0), (z, s) 7→ G(z, s), defining X = G−1(0)
with reduced structure, Y = 0 × Ct and X0 the smooth part of X. Then ∂G∂s ∈
〈zi ∂G∂zj 〉OX for all tangent vectors
∂
∂s
to 0× Ct iff (X0, Y ) is Whitney regular.
In the above theorem, 〈zi ∂G∂zj 〉OX denotes the integral closure of the OX -module
〈zi ∂G∂zj : i, j = 1, . . . , n〉. For definitions and properties, see [7].
Let V be a sufficiently small representative of the germ of an ICIS (V, 0). The
Milnor fiber of the complex analytic function f , defined on V , with an isolated
singularity at 0 (in the stratified way), has the homotopy type of a bouquet of
spheres. The Milnor number of Leˆ, denoted by µL(f), is defined as the number of
spheres in the bouquet.
The following is a corollary of Theorem 3.8.
Corollary 3.9. Let V be an ICIS. Then ∂F
∂t
∈ JF (ΘV ) follows that µ((ft)−1(0) ∩
V ) = µL(f) is constant.
Proof. Let V = (Φ)−1(0), Φ : (Cn, 0)→ (Cm, 0) and G : (Cn × C, 0)→ (Cm × C, 0)
defined by (x, t) 7→ G(x, t) = (Φ(x), F (x, t)). Let Xt = g−1t (0). The condition
∂F
∂t
∈ JF (ΘV )On+1 implies that ∂G∂t ∈ 〈zi ∂G∂zj 〉OX , see Lemma 6.7 in [13]. Then, from
Theorem 3.8 we get that (X0, Y ) is Whitney regular. In particular, the Milnor
number µ(Xt) = µ(V ∩ f−1t (0)) is constant. Therefore, µL(ft) = µ(V ∩ f−1t (0)) is
constant. 
The following result was obtained by Grulha Jr., see [11].
Theorem 3.10. Let V ⊂ Cn be a hypersurface with isolated singularity such that
LC(V ) is Cohen-Macaulay, and F : (Cn × Cr, 0) → C a family of functions with
isolated singularity, then:
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(a) µBR(V, ft) constant for the family implies µ(ft), µL(ft) and Euft,V (0) constant
for the family, where Euft,V (0) denotes the Euler obstruction of ft on V at 0 (see
[5, 11]).
(b) When µ(ft) is constant for the family, we have that Euft,V (0) or µL(ft) constant
for the family implies µBR(V, ft) constant for the family.
We establish now the implication (4r)⇒ (1r) in relative case assuming that LC(V )
is Cohen-Macaulay such that V is a hypersurface with isolated singularity.
Theorem 3.11. Suppose LC(V ) is Cohen-Macaulay such that V is a hypersurface
with isolated singularity. Then (4r) follows (1r).
Proof. Note that ∂F
∂t
∈ JF (ΘV ) ⊂ JF . Then µ(ft) is constant by Theorem 1.1. The
Corollary 3.9 implies that µL(ft) is constant. Now, item (b) of Theorem 3.10 follows
that µBR(ft) is constant. 
Remark 3.12. Under the hypothesis of Theorem 3.11, it follows also from Theorem
6.4 [13] that (4r) implies C
0-RV triviality of F .
In the following example of [17], we investigate that all the conditions (1r) to (6r)
are satisfied.
Example 3.13. Let V ⊂ (C2, 0) defined by Φ(x, y) = x3 − y2 = 0 be a cusp.
Consider Θ0V generated by ξ1 = (2x, 3y), ξ2 = (2y, 3x
2). In the RV classification
of germs f : C2 → C given by [2], Theorem 4.9 we found the germ F (x, y, t) =
ft(x, y) = y
2 + axn + txn+1, n ≥ 4 that is finitely determined for a 6= 0.
Now, dft = (anx
n−1+(n+1)txn, 2y). Therefore, Jft(Θ0V ) = dft(Θ0V ) = 〈2(anxn+
t(n+1)xn+1) + 6y2, 2(anxn−1y+ t(n+1)xny) + 6x2y〉. Note that V is a free divisor
and its logarithmic stratification is holonomic, therefore it follows from [4], Prop.
6.3 that LC(V ) is Cohen-Macaulay.
We compute µBR(ft) = dimC
O2
Jft (Θ
0
V
)
= dimC
O2
〈2(anxn+(n+1)txn+1)+6y2,2(anxn−1y+t(n+1)xny)+6x2y〉
= n+ 3, which is constant.
Now, let γ(s) = (γ1(s), γ2(s), γ3(s)), then ν(
∂ft
∂t
◦ γ) = (n+1)ν(γ1). Therefore, we
have
If nν(γ1) < 2ν(γ2), ν(dft(ξ1) ◦ γ) = nν(γ1) < (n + 1)ν(γ1).
If nν(γ1) > 2ν(γ2), ν(dft(ξ1) ◦ γ) = 2ν(γ2) < nν(γ1).
If nν(γ1) = 2ν(γ2), ν(dft(ξ2) ◦ γ) = 2ν(γ1) + ν(γ2) = (2 + n2 )ν(γ1) < (n+ 1)ν(γ1),
n ≥ 3.
It follows that (2r) holds, hence consequently all conditions hold.
In the following example of [17], we investigate that all the conditions are satisfied
except (2r).
Example 3.14. Let V ⊂ (C3, 0) parameterized by (u,−4v3 − 2uv, 3v4 − uv2) be a
swallowtail. We have Θ0V generated by ξ1 = (2x, 3y, 4z), ξ2 = (6y,−2x2 − 8z, xy),
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ξ3 = (−4x2 − 16z,−8xy, y2). In the RV classification of germs f : C3 → C given
by [2], Theorem 4.10 we found the germ F (x, y, z, t) = ft(x, y, z) = z+ ax
n+ txn+1,
n ≥ 2 that is finitely determined for a 6= 0 and for n = 2 we must also have a 6= 1/12.
Now, dft = (anx
n−1 + (n+ 1)txn, 0, 1). So, Jft(Θ0V ) = dft(Θ0V ) = 〈2(anxn + t(n+
1)xn+1)+4z, 6(anxn−1y+ t(n+1)xny)+xy, (−4x2−16z)(anxn−1+ t(n+1)xn)+y2〉.
Note that V is a free divisor and its logarithmic stratification is holonomic, so it
follows from [4], Prop. 6.3 that LC(V ) is Cohen-Macaulay.
We compute µBR(ft) = dimC
O3
Jft (Θ
0
V
)
= dimC
O2
〈xy(1+6t(n+1)xn−1+6anxn−2),[−4x2+8xn(an+t(n+1)x)](anxn−1+t(n+1)xn)+y2〉
= dimC
O2
〈xyu1,−4xn+1u2+y2〉
, where u1 = 1 + 6t(n + 1)x
n−1 + 6anxn−2 and u2 = an −
2anxn(an + t(n + 1)x) + t(n + 1)x3 − 2t(n + 1)xn+1(an + t(n + 1)x) such that
u1(0, 0, t) 6= 0 6= u2(0, 0, t).
= dimC
O2
〈xy,4xn+1+y2〉
= n+ 3, which is constant.
Now, using Theorem 4.5 in [14] it follows that xn+1 ∈ dft(Θ0V ), consequently (3r)
holds. Taking the curve γ(s) = (s, 0,−an
2
sn, 0) we see that (2r) does not hold.
Example 3.15. In Example 3.1, V is not a free divisor, but we see that dft(ΘV ) =
(4(a + t)x2 + 4y, 2z, 2(a + t)(x2 + 3y)x − 4xy). Then C is a complete intersection
and we can apply Prop. 3.5 to get (1r)⇔ (6r).
4. Quasihomogeneous functions and varieties
The purpose is to prove a relative version of the following theorem due to Greuel,
see [8].
Theorem 4.1. Let f be a quasihomogeneous polynomial with isolated singularity
and F : (Cn × C, 0) → (C, 0), (x, t) 7→ F (x, t) = ft(x) a µ-constant deformation of
f . Then m(ft) = m(f) for small values of t.
In this theorem, Greuel shows that for all µ-constant deformations of a quasihomo-
geneous singularity the multiplicity does not change. Since constant topological type
implies constant Milnor number (see [16]) he obtains, in the special cases treated
in [8], a positive answer to Zariski’s question whether for a hypersurface singularity
the multiplicity is an invariant of the topological type.
In Theorem 4.3 we establish the relative version of above theorem. The result
will follow as consequence of the following Leˆ-Greuel type formula given by Nun˜o-
Ballesteros, Ore´fice and Tomazella in [12].
Theorem 4.2. ([12]) Let (V, 0) be a germ of hypersurface with isolated singularity
defined by a weighted homogeneous function germ Φ : (Cn, 0) → (C, 0) and let
f : (Cn, 0)→ (C, 0) be a RV -finitely determined function germ. Then
µBR(V, f) = µ(f) + µL(f).
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Theorem 4.3. Let V be a quasihomogeneous hypersurface in Cn with isolated sin-
gularity. Let f : (Cn, 0) → (C, 0) be a quasihomogeneous function with isolated
singularity on V and F : (Cn × C, 0) → (C, 0) a µBR-constant deformation of f .
Then m(ft) = m(f) for small values of t.
Proof. By Theorem 4.2 we have that if µBR(ft) is constant, then µ(ft) and µL(ft)
are constant by the upper semicontinuity of these numbers. Now, the result follows
directly from Theorem 4.1. 
We give an example to show that the above result does not hold if we replace µBR
by µL, see Example V. 1. in [3].
Example 4.4. Let V = Φ−1(0), Φ(x, y, z) = x15 + y10 + z6 and ft : C
3 → C,
ft(x, y, z) = xy+ tz are weighted homogeneous with respect to weights (2,3,5). The
function f0 = xy is not RV -finitely determined, i.e., µBR(ft) is not finite, however
the curve Φ−1(0) ∩ f−10 (0) is an ICIS in C3, see [3]. Moreover, from [3] it follows
that µ(Φ−1(0) ∩ f−1t (0)) = µL(ft) = 126, is constant for small values of t and m(ft)
is not constant.
As other application of the Theorem 4.2 we can show the RV -topological in-
variance of µBR, when V is a weighted homogeneous hypersurface with isolated
singularity.
Theorem 4.5. Let V be a quasihomogeneous hypersurface in Cn with isolated singu-
larity. Let f, g : (Cn, 0)→ (C, 0) be RV -finitely determined and f C0-RV -equivalent
to g. Then µBR(f) = µBR(g).
Proof. The hypothesis imply that µL(f) = µL(g), this number is a topological invari-
ant. Also, that f and g are C0-R-equivalent, then it is well known that µ(f) = µ(g)
[10]. Now, we use the Theorem 4.2 to get µBR(f) = µBR(g). 
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